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A discrete-layer shell theory and associated finite element model is constructed for general laminated piezoelec-
tric composite shells. The discrete-layer shell theory is based on linear piezoelectricity and accounts for general
through-thickness variations of displacement and electrostatic potential by implementing one-dimensional piece-
wise continuous Lagrange interpolation approximations over a specified number of sublayers. The formulation
applies to shells of general shape and lamination. Initially, the static and dynamic behavior of a simply supported
flat plate is studied to compare with available exact solutions, with excellent agreement being obtained. Static load-
ing and free vibration of a cylindrical ring are then considered to evaluate the element and to study the fundamental
behavior of active/sensory piezoelectric shells.

Introduction

T HE mechanical and electrical behavior of general curvilinear
shells with embedded or surface piezoelectric layers is seeing

renewed interest in the field of adaptive structures. As more demand-
ing applications are investigated for this class of structure, a more
accurate representation of the coupled fields is required over more
simplified models developed in the past. As with other coupled-
field mechanics problems, exact or analytical solutions are possible
for only a very few select geometries. Approximate methods, such
as finite elements, provide an accurate and powerful alternative for
studying such solids.

The basic theory of linear piezoelectricity has been outlined
by several authors.1"4 Early computational studies of piezoelectric
solids include those of Eer Nisse5-6 and Holland7 for electroelastic
vibration analysis using the Ritz method. Allik and Hughes8 intro-
duced a finite element formulation for the equations of piezoelec-
tricity. Other early finite element models of linear piezoelectricity
were those of Kagawa and Yamabuchi,9 Naillon and co-workers,10

Ostergaard and Pawlak,11 and Kunkel and co-workers.12

A number of approaches have been introduced to model lami-
nated piezoelectric shells containing piezoelectric layers. Tzou and
co-workers have presented a number of approaches for piezoelectric
shells,13"16 many of which used the Kirchoff-Love hypotheses for
thin shells. Tzou also has presented a comprehensive treatment of
the fundamental theory of piezoelectric shells.17 Lammering18 de-
veloped a shear-deformation finite element to analyze a shell struc-
ture with surface-coated piezoelectric layers. Dokmeci19'20 also has
studied the theoretical background of piezoelectric shell vibration.

Most theories developed for the analysis of laminated piezoelec-
tric composites include limitations that may not represent the true
behavior for certain applications. For the analysis of thick lami-
nates, the Kirchoff-Love hypothesis for plate and shell geometries
often yields poor approximations of interlaminar and intralaminar
stress components.21 In addition to this limitation, other previous
studies have made use of an equivalent force representation of in-
duced strain actuation in the piezoelectric laminate.22 This kind of
approach does not solve the coupled equations of piezoelectricity
but attempts to mimic the piezoelectric effect indirectly. In most
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previously developed piezoelectric shell theories, assumptions have
been made on the nature of the displacement and potential through
the thickness of the laminate. This type of approach can provide
reasonable results for thin shells, but such approximations diverge
from reality when the shell becomes thick.

There is a need for novel piezoelectric shell theories and finite
element approximations with robust capabilities in terms of model-
ing layer thicknesses, lamination, actuator and sensor response, and
global and local response. To analyze thick laminated piezoelec-
tric shells, cylindrical or general, the limitations described above
require considerable refinement. In the present study, discrete-layer
approximations are used through the plate thickness for the displace-
ment and electrostatic potential components. The discrete-layer la-
bel refers to the thickness of the laminate being divided into a spe-
cific number of layers or elements and using standard finite element
approximations through the thickness to model the behavior of the
field. The nature of these approximations is such that those for the
potential and the displacements can be identical to or different from
each other.

Pauley23 was among the first to use what can be described as a
discrete-layer theory for piezoelectric solids in the analysis of free
vibration characteristics of infinite laminated piezoelectric plates.
Reddy24 and Robbins and Reddy25 have generalized this type of the-
ory for elastic plates, and the corresponding coupled-field theory for
piezoelectric plates has also been developed.26'27 A discrete-layer
finite element has been developed for laminated piezoelectric beams
and plates,28'29 which yielded good agreement with exact solutions.

In this study, a discrete-layer laminate model is presented for the
analysis of laminated piezoelectric composite shells. The variational
formulation and corresponding finite element model are developed
using the equations of motion and the charge equation. For verifica-
tion, the predicted static response and free vibration behavior for the
flat plate are compared with exact solutions. The active/sensory and
free vibration response of a piezoelectric/elastic ring is also studied.

Governing Equations
Linear Piezoelectricity

The equations of motion for a piezoelectric solid are given by

Tijij = pui 1,7 = 1 , . . . , 3 (1)

Here r,7 are the components of stress, p is the material density, an
overdot denotes differentiation with respect to time, and u\ are the
components of displacement. The charge equation of electrostatics
is given in terms of the components of electric displacement D, as

Du = 0 (2)
2353
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The piezoelectric constitutive equations are given by

Dk = ekjSj+skiEi /, 7 = 1 , . . . , 6 and / , £ = ! , . . . , 3
(4)

The elements C/; are the elastic stiffnesses, eki are the piezoelectric
coefficients, and skt are the dielectric constants. The components Sj
are the engineering strains, and the electric field components Ek are
related to the electrostatic potential 0 by the relations

Ek = -<t>tk * = ! , . . . , 3 (5)
The constitutive relations of an off-axis, orthotropic layer are as-
sumed in this study.

Variational Formulation
Global Cartesian System

The weak form of the equations of motion for the shell can be
written using Hamilton's principle for a linear piezoelectric medium
in Cartesian coordinates. This forms the basis of the shell element
presented in the sequel. This is given as3

dt

/
Jt()

dt

- H(Skh Ek) dV

= 0 (6)

Here, t() and t\ are two arbitrary times, 8 is the variational operator,
V and S are the volume and surface of the solid, // and a represent
specified traction and surface charges, and H is the electric enthalpy
per unit volume. This latter term can be expressed in terms of the
strain and electric-field components as

H(Sit Ek) = \ - ekiEkSi - ^ (7)

Local Curvilinear System
The curvilinear coordinate system, described by £-, 77-, and f -

coordinate directions, is the local system for the general shell, with
u,v,w representing the components of displacement along the £-,
TI~, ^-coordinate directions. The ^ direction is located along the
normal direction (also the poling direction) of the layer surface,
and the £ and r\ directions are tangent to the layer surface. In the
subsequent derivation, overbars are used to denote the field variables
in the local system. Global variables in ( x , y , z ) are listed without
an overbar.

The governing equations in Cartesian coordinates were outlined
in the preceding section. The strain components in the global co-
ordinate system can be transformed into the local system using the
relations

The values h^h^, and h^ are scaling factors denoting the ratio of the
differential distances to the differentials of the coordinate parameters
as commonly used in curvilinear coordinates.30 For example, in the
case of the circular cylindrical shell, the scaling factors are h^ =
hz = 1, h^ = h0 = r, and h^ — hr = 1.

The displacement and electric-field components in the two sys-
tems are related by

(10)

(11)

Here [J] is the Jacobian matrix, taken as

dx Sx
3| 3^7
3y 3y
3? Jh,
dz 3z

3x~
3?
3y
3?

IL

~Jn
= Ju

Ju Jn~
^22 /23

hi -^33 _

(12)

Substitution of the constitutive equations yields the elastic stiff-
ness matrix, the matrix of piezoelectric coefficients, and the di-
electric constants in the curvilinear coordinate system. Then the
variation of electric enthalpy in Eq. (7), SH, can be expressed as

SH =

m, E,}x

(13)

Here the vectors {Sj , Ej } contain the components of strain and elec-
tric field, [R] is a diagonal matrix containing the elements 1 or 2,
the elements of [C] represent the material properties, [B] contains
only the elements 1 or 0, and [ /*] contains 3 x 3 submatrices of
the inverse of the Jacobian matrix. The explicit entries are listed
elsewhere.31
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(8)

Here the elements r// are scaled components of the transpose of the
Jacobian matrix, expressed as

t\\

hi

*33

9^: 3y 3z

3x 3z

3x 3y 3z

(9)

The variational formulation in curvilinear coordinates can be de-
rived using the above relationships and Eq. (6) as

/"' j- /'(aL«,-0.
Jt() [ JS

(14)
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Here the following matrices have been introduced:

[D] = [J*][B][C]xyz[B]T[J*]T

\u - v iv -

(15)

(16)

(17)

(18)

The matrix [T] is a 4 x 4 diagonal matrix with all nonzero entries
equal to p except Y44, which is zero.

Equation (14) provides the basis of numerical (i.e., finite element)
approximations and can also yield, with additional operations, the
equations of motion and the charge equation. Only approximate
solutions to the weak form are sought here. Critical in this step is the
form of the through-thickness approximations for the displacement
field and the electrostatic potential. This is described in the next
section.

Discrete-Layer Approach
In the kinematic/potential assumptions of the laminate shell the-

ory developed in this study, independent piecewise approximations
are used for the three displacement components and the electrostatic
potential through the thickness of the shell in the local curvilinear
coordinate system. Hence

, t) =
a = 1 j = 1

, 0 -

a = 1 j = 1

f , 0 =

^,o = f;y>," " ̂ ' ' £_j z__j iu

(19)

(20)

(21)

(22)

where /? and g are the number of terms in the surface and thickness
approximations, respectively.

Two levels of approximation are implicit in this step: one in the
surface of the shell as denoted by the functions W (£, 77) and the other
through the thickness as denoted by the functions ^ (?)• This allows
the thickness behavior to be preintegrated in a manner similar to most
other plate and shell theories, with the in-surface approximation then
taking a form similar to standard finite element models.

Using these conditions for the displacements and electrostatic po-
tential, theories may be developed for a wide range of behaviors. For
example, a theory with a constant transverse displacement can be de-
veloped that reduces the number of degrees of freedom and results in
a simpler model and more economical computation. However, poor
accuracy can result by neglecting the through-thickness actuation
strain, using this form of approximation. Allowing the transverse
strain to be nonzero is a more complex and computationally de-
manding algorithm, but results in improved accuracy. In general,
independent approximations of the displacements and potential al-
low a number of different types of behavior using the same theory.
The formulation of the element matrices in this study reflects these
independent approximations.

Finite Element Approximation
The weak form of the governing equation using curvilinear coor-

dinates was shown in the previous section and is used to allow for
easier integration of the element matrices for a shell with arbitrary
geometry. For each of the Gauss points, the numerical integration
can be accomplished by mapping the discrete-layer shell element
into a parent element in the local curvilinear coordinate space. In this

manner, local element matrices are generated that are similar to those
of the discrete-layer plate element.28 These matrices can be trans-
formed to the global system using the integral transformation rule

&cdydz = |7|d£ drjdl; (23)

where Ve is the volume of the parent element. Quadratic in-surface
approximations Va are used in the calculations to allow representa-
tion of the curved edges. This order of approximation can be mod-
ified easily for more simple or more complex geometries.

The geometry of the laminated shell element can be described in
standard fashion as32

(24)

Here ( x , y , z ) represents the location of a generic point within the
shell element, (jc/, y/, z/) are the locations of element nodes, and n
is the number of nodes in the element. The function Nj indicates the
shape function corresponding to the node i. If the curvilinear coor-
dinate systems used in each layer are the same, the geometry of this
element can be defined using only the locations of the nodal points
on any two layer surfaces. These are usually taken as the top and
bottom surfaces of the element. If multiple curvilinear coordinate
systems are required, additional locations are required.

Substituting these approximations into the weak form of Eq. (14)
allows the governing equations of the discretized system to be writ-
ten in matrix form as

'[M11] [0] [0] [0]
[0] [M22] [0] [0]
[0] [0] [M33] [0]

. [0] [0] [0] [0]J

[V]
{W}

'[K[l] [K[2] [K13] [AT14]
[K2[] [K22] [K23] [K24]
[K31] [K32] [K33] [K34]
iK4[] [K42] [K43] [K44]_

[U]
[V]
{W}

[Q]

(25)

The elements of these equations are listed elsewhere31 and are func-
tions of both the preintegrated through-thickness approximation
functions and those in the surface of the shell. This form of the
equations of motion is similar to those of the piezoelectric beam
and plate structures, and the solution procedure is described in de-
tail elsewhere.29

Numerical Examples
In this section, the shell element is applied to model the response

of plate and shell composite laminates with distributed piezoelectric
actuators/sensors. The results provide a test of the accuracy of the
formulation, and an opportunity to understand how these laminates
behave. Initial comparisons and convergence studies are made with
an exact solution for simly supported piezoelectric plates.33 Atten-
tion then is turned to a cylindrical titanium ring with an attached
continuous piezoelectric layer. The properties for all materials de-
scribed in this section are given in Table 1. Tht properties for the
lead zirconate titanate (PZT) are from Berlincourt and co-workers,34

and those of the polyvinylidene fluoride (PVDF) are from Tashiro
and co-workers.35 The properties for the nonpiezoelectric material
are typical of a titanium alloy.

The level of approximation used in these examples is focussed on
both the through-thickness or discrete-layer approximation and the
in-plane approximation. For these examples, it is assumed that the
through-thickness approximation functions used in Eqs. (19-22) are
such that V"(£) = V^J(O = V^XO = ^f ( f ) » where these functions
are taken to be linear Lagrangian interpolation polynomials. The
simplified model corresponding to these fields implies a piecewise
linear behavior of the electroelastic fields through the thickness of
the laminate for all unknown quantities. The grading can be as fine
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as possible by using more layers to describe the thickness dimen-
sion. Quadratic approximations are used in the surface of the shell.
One objective of this section is to assess the necessary number of
elements in both thickness and tangential directions to achieve ac-
ceptable results. For the plate examples, a 3 x 3 Gaussian integration
rule was used in-plane, with a single point used through the thick-
ness. For the general shell problems, a 10 x 10 rule was used in the
surface, with five points used through the thickness.

Simply Supported Plates
The static and free vibration behavior of a simply supported,

square, laminated piezoelectric plate are studied. Specifically, re-
sults with various element configurations in the plane and discrete-
layers through thickness are compared with the exact solutions to
assess the convergence properties of the element and also to ensure
the accuracy of the formulation and computational algorithm.

The simple-support conditions require that the normal stress,
transverse displacement, tangential displacement, and electrostatic

Table 1 Material properties

Material
Property PZT-5A PZT-4 PVDF Passive

Elastic moduli, GPa
Ei
E2
E3

61.0
61.0
53.2

81.3
81.3
64.5

237.0
23.2
10.5

114.0
114.0
114.0

Shear moduli, GPa
G23
G,3
Gi2

^12
V>13
V>21
^23
V31
V>32

P

21.1
21.1
22.593

0.350
0.440
0.350
0.440
0.384
0.384

7700

25.6
25.6
30.587

Poisson ratios
0.329
0.432
0.329
0.432
0.343
0.343

Density, kg/nr*
7600

2.15
4.40
6.43

0.154
0.178
0.015
0.177
0.008
0.080

——

43.846
43.846
43.846

0.3
0.3
0.3
0.3
0.3
0.3

2768
Piezoelectric constants, C/m

<?31
^32
<?33
<?24

e\5

61 lM)

£22 M)
^33 M)

-5.35
-5.35
15.78
12.29
12.29

Permittivities
1730.0
1730.0
1700.0

-5.20
-5.20
15.08
12.72
12.72

(€0 = 8.85 x 10
1475.0
1475.0
1300.0

-0.13
-0.14
-0.28
-0.01
-0.01

-J2), C2l(Nm2}
1.0
1.0

11.98

0.0
0.0
0.0
0.0
0.0

1.0
1.0
1.0

potential be zero around the plate edges. The top and bottom surfaces
were assumed to be stress free.

Active Static Response
The laminate configuration studied for the static case is a four-

layer cross ply [0/90L of PVDF. The span/thickness ratio is 10,
with the total plate thickness 0.2 m. From symmetry, a quarter of
the plate was modeled. The applied potential along the top surface
is given by

c, y) = sin(jtx/Lx) sin(ny/Ly) (26)

where Lx and Ly are the lengths of the plate in the x and y directions,
respectively. The bottom of the plate is held at zero potential.

The convergence of the induced maximum in-plane and trans-
verse displacements and the electric enthalphy are studied. The re-
spective exact values for the displacement and potential are gener-
ated using the methodology developed in the work of Heyliger,33

with the values taken from Heyliger and co-workers.31 These are
shown in Table 2. Two different types of refinement are explored.
In the first, the number of discrete layers is held constant and the
in-plane mesh density is varied. The resulting displacements at sev-
eral locations are shown in Table 2a. In the second refinement, the
in-plane mesh density is fixed (4 x 4) and the number of discrete
layers through the thickness is changed. These results are shown in
Table 2b. It appears from these examples that increasing the number
of layers yields more dramatic changes in the field values, with two
layers per ply or eight total layers yielding displacements within
differences less than 1 % of the exact solution. Both cases illustrate
the excellent convergence of the element.

Free Vibration
Exact solutions are also available for the free vibration analy-

sis of simply supported cross-ply laminated piezoelectric plates.36

The convergence of the natural frequencies are studied for a single-
ply square plate composed of PZT-4 with thickness of 0.2 m. The
thickness aspect ratio is fixed at 10. Both closed (0 = 0) and open
(Dz = 0) circuit conditions are considered for the upper and lower
surfaces of the plate. Because symmetry was used to model the plate,
only those modes symmetric about x — Lx/2 and y = Ly/2 are stud-
ied. The in-plane dependence of the transverse displacements in this
case take the form

w(x, y) = w() sin(mnx/Lx) sin(nny/Ly) (27)

Because symmetry is used to study the plate vibration, m and n must
be odd integers when comparing with the exact solution.

The results are shown in Table 3. As before, the number of discrete
layers has a much more dramatic impact on the resulting frequencies.
Modes 1,2, and 6 are the first three thickness modes corresponding to
the fundamental in-plane mode with m = n = 1 in Eq. (27). Modes 3

Table 2 Convergence of cross-ply, simply supported plate under sinusoidal potential (a/h = 10)

Displacement
Mesh density
(eight layers)

1 x 1
2 x 2
3 x 3
4 x 4
5 x 5
Exact

No. of discrete
layers, n

4
8

12
16
Exact

Max. w
on bottom, 10~8

-0.11189583
-0.11189772
-0.11197956
-0.11201025
-0.11202296
-0.11202681

Max. w
on bottom, 10~8

b.
-0.11203254
-0.11201025
-0.11200459
-0.11200244
-0.11202681

Max. w
m ontop,10~8m Max. w 10~9m

a. In-plane convergence (n = 8)
0.14752036 0.20423266
0.14793297 0.20777336
0.14801142 0.20807069
0.14803477 0.20811595
0.14804334 0.20812764
0.14807190 0.20949313

Displacement
Max. w

m on top, 10~8 m Max. M, 10~9m

Max. v 10 9 m

0.27674482
0.28230876
0.28239703
0.28234158
0.28230966
0.28351883

Max. u, 10-9m
Through-thickness convergence ( 4 x 4 mesh)

0.14798181 0.20401336 0.27859397
0.14803477 0.20811595 0.28234158
0.14804562 0.20889647 0.28305034
0.14804944 0.20917435 0.28330048
0.14807190 0.20949313 0.28351883

Enthalpy, 10~3

-0.64994256
-0.70814223
-0.71184901
-0.71249253
-0.71267038

Enthalpy 10~3

-0.71247648
-0.71249253
-0.71249551
-0.71249656
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Table 3 Frequencies from group 3, alh = 10, closed condition

Mesh density

Four layers (x x y —4)
4 x 4 - 4
5 x 5 - 4
6 x 6 - 4

n layers (4 x 4 — n).
4 x 4 - 4
4 x 4 - 6
4 x 4 - 8
4 x4-10

Six layers
6x6 -6
Exact

Model

2894.1092
2893.7028
2893.5530

2894.1092
2879.3854
2874.1758
2871.7544

2878.8370
2866.9217

Mode 2

12367.145
12366.870
12366.769

12367.145
12367.145
12367.144
12367.144

12366.769
12366.673

Frequency, Hz
Modes 3 and 4

12914.600
12877.589
12863.805

12914.600
12844.945
12819.610
12807.702

12794.567
12723.534

Mode 5

21245.604
21185.786
21166.096

21245.604
21126.952
21082.978
21062.168

21047.674
20929.08

Mode 6

21278.430
21278.272
21278.214

21278.430
21277.624
21277.342
21277.210

21277.408
21278.220

symmetric <j>=100 Volts.

H=0.3048m

Fig. 1 Domain and geometry of cylindrical ring.

and 4 correspond to the in-plane modes with m = 1, n = 3,andw =
3, n = 1. Mode 5 is the first thickness mode corresponding to the
in-plane mode m = n — 3. The higher in-plane modes are in poorer
agreement with the exact solution because it is more difficult for the
mesh to capture the higher in-plane behavior, whereas the higher
thickness modes for m = n — 1 are well represented. Hence there
is excellent convergence and agreement for the thickness modes for
m — n — 1, with larger differences for the higher in-plane modes.
This agreement indicates an accurate computational model.

Cylindrical Ring
A circular cylindrical ring is studied next. The geometry of the

cylinder is described in cylindrical coordinates (r, 0,z), as shown
in Fig. 1. The dimensions of the ring are defined by the height
H = 0.3048m, the inner radius r, = 0.289m, and the total thickness
h. The laminate has two layers. The passive inner layer is constructed
of titanium and the outer layer is PZT-4. The two layers are assumed
to be perfectly bonded. In some examples the total thickness of the
laminate may vary, but the thickness ratio of the titanium to the
PZT-4 is fixed at 3.

In all examples, symmetry is exploited to reduce the computa-
tional size of the problem. One-quarter of the shell is typically mod-
eled. At times, it is also possible to reduce the quarter shell into two
halves in the z direction if symmetry permits. Hence the original ring
is divided into eight equal-sized sections, and the analysis is com-
pleted on a single section. Appropriate boundary conditions on the
displacements and potential are imposed to simulate the response of
the complete ring. For instance, the case of quarter symmetry yields
the physical quantities of homogeneous normal displacement, shear

<|>=-100 Volts.

a) <{>=ioo Volts. b)

Fig. 2 Applied surface potentials.

traction, and electric displacement along the lines of symmetry. In
some cases, the results are presented for the modeled domain, but
in all cases are representative of the complete shell. Different mesh
representations were used for each example and are noted below.

Active Static Behavior
A surface potential is first applied to the thin (t = 0.004 m) shell

at the outer surface defined by r0. There are two electric poten-
tial fields applied: case a, with 4>(9) = 100 sin|0|, and case b, with
0(0) — 100cos|2#|. These are shown schematically in Figs. 2a and
2b, respectively. In each case, the potential at the inner surface of the
active layer (i.e., the interface between the two materials) is fixed at
zero. The thickness of the inner passive layer is 0.003 m, and that of
the outer active layer 0.001 m. A mesh discretization of 20 x 2 x 8
was used, with 20 elements in the circumferential direction, 2 in
the axial half-direction using symmetry, and 8 discrete layers. The
radial displacement at r = 0.289 m and z — 0 as a function of angle
is shown in Figs. 3a and 3b for cases a and b, respectively.

Examination of the radial displacement shows that this quantity
is much larger for the case of $(0) = 100 cos|2#| (case b) than for
c/)(0) = 100 sin|#| (case a). This is so even though the maximum po-
tential is the same in both cases. The applied potential distribution
of case b matches the circumferential behavior of the natural mode
of deformation for the radial displacement, which can be observed
by considering the symmetric extension of the applied potentials in
Fig. 2. In case a, the applied potential does not correspond to any
fundamental deformation pattern because it is always positive or
zero around the circumference of the ring. This provides a simple
demonstration of the differences in actuation for this structure for
a fixed maximum applied potential. Such a procedure can and has
been extended by others to optimize actuation for a particular mode
of deformation.

Representative normal and shear stress components are shown in
Figs. 4a and 4b for the case of a thick (h — 0.04 m) two-ply shell with
the applied potential of case b. The stresses are computed using the
constitutive equations at the element centroids, with the exceptions
of the normal radial stress and the transverse shear stress ar() at
the inner and outer surfaces. These values are set to zero from the
traction-free condition at these locations.
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Fig. 5 Distributions for thin single-ply of PZT-4 under line loading.

The normal stresses are shown in Fig. 4a and are plotted through
the thickness at 9 = 0 and z = 0. The normal stress arr tends to zero
to satisfy the homogeneous normal traction condition at the outer
and inner surfaces. The circumferential stress is slightly higher than
the axial stress in the titanium layer, but this trend is reversed in the
PZT layer. The plots do not continue to the outer and inner surfaces
because stresses are computed at the layer centroids. There is a jump
in the stresses across the dissimilar interface caused by the mismatch
in material properties. The shear stress is shown in Fig. 4b and is
plotted through the thickness at 0 = 45 deg and z = 0.

Sensory Static Behavior
A thin shell with h = 0.004 and a thicker shell with h = 0.04

m are considered under a line loading applied at ±90 deg, with the
magnitude 656.17 N/m. This is equivalent to a load of 200 N per
thickness of the z dimension of the shell. The shell is a single layer
of PZT-4. The mesh representation for this example is 24 x 2 x 4 for
the thin shell and 16 x 2 x 9 for the thick shell. Both the inner and
outer surfaces of the shell are fixed at zero potential. The resulting
radial displacements and electrostatic potential at r = 0.289 m are
shown in Figs. 5a and 5b for the thin shell and Figs. 6a and 6b for
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Fig. 6 Distributions for thick single ply of PZT-4 under line loading.
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Boundary conditions

Fig. 7 Potential distributions for thick shells under line load with no
surface grounding.

the thick shell. In these plots, the curves labeled z\ represent the
distributions at z = 0, and z2 are those at z = 0.1524 m. There is
a negligible difference in z dependence on the radial displacement
for the thin shell. For the thin shell potential and the displacement
and potential in the thick shell, a solid line is used to denote the
distribution at z = 0 and the crosses for that at z = 0.1524 m. The
slight but noticeable dependence of the potential on z is partially
explained by the condition of zero axial traction on the end faces of
the cylinder but nonzero axial stress at the axial midlength.

The loading condition is repeated for the thick single layer of PZT-
4 and the thick two-layer shell. Both have total thickness of 0.04
m. The single layer is grounded on the interior surface as before.
For the two-ply shell, the thickness of the active layer is 0.01m and
the interface between the two is held at zero potential. The outer
surface for both shells is no longer fixed at zero potential. The mesh
for the single layer is 16 x 2 x 9 and that for the two-layer shell
is 28 x 2 x 5. The resulting distributions of electrostatic potential
on the surface and within the PZT-4 layer at z = 0 are shown in
Fig. 7. Curves 1,2, 3, and 4 represent the distributions for the PZT-4
shell at r = 0.309, the PZT-4 shell at r = 0.329, the two-ply shell
at r = 0.324, and the two-ply shell at r = 0.329, respectively. The
small disturbances near 9 — — 90 are related to the application of
the point load at these locations.

Free Vibration Response
The natural frequencies of free vibration were computed for the

thin (t = 0.004 m) configuration of the single- and two-layer shells.
Because there are three planes of symmetry for free vibration, eight
different sets of displacement boundary conditions can be applied
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Table 5 Natural frequencies for single- and two-ply rings

Natural frequency of cylindrical shells, Hz

Mode
no.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

Single-ply of PZT-4
Open

22.1824
22.1825
35.7419
35.7419
62.8285
90.5092
120.6911
120.6922
155.9766
155.9772
195.6277
234.8419
287.7524
287.7577
329.1083
329.1123
397.3542
439.9590
524.8984
524.9137
568.1989
568.2122
671.0491
714.5310
836.4277
836.4622
863.0281
879.5614
879.5953
1063.9916

G

7
5
3
1
6
2
7
5
3
1
6
2
7
5
3
1
6
2
7
5
3
1
6
2
7
5
6
3
1
2

Closed
22.1489
22.1490
35.7311
35.7311
62.7342
90.4655
120.5112
120.5118
155.8808
155.8811
195.3356
234.6776
287.3244
287.3274
328.8641
328.8661
396.7744
439.6247
524.1785
524.1871
567.7761
567.7836
670.2028
714.0170
835.4825
835.5026
848.9344
878.9708
878.9918
1063.3160

G
1
5
3
1
6
2
7
5
3
1
6
2
7
5
3
1
6
2
7
5
3
1
6
2
7
5
6
3
1
2

Two-ply of Ti/PZT-4
Open

32.1603
32.1604
54.0010
54.0010
91.1278
135.7631
175.1058
175.1069
232.5630
232.5634
283.9423
348.5688
417.9280
417.9336
486.9268
486.9298
577.6555
649.5192
763.9443
763.9600
837.6523
837.6625
977.7711
1052.4301
1220.0096
1220.0432
1294.8354
1294.8599
1320.2649
1363.8622

G

7
5
3
1
6
2
7
5
3
1
6
2
7
5
3
1
6
2
7
5
3
1
6
2
7
5
3
1
6
7

Closed

31.2691
31.2691
53.7213
53.7213
88.6404
134.5059
170.4211
170.4211
229.6163
229.6163
276.5251
343.2685
407.2865
407.2866
478.6454
478.6455
563.2648
637.6491
745.2069
745.2070
821.6142
821.6142
953.9783
1031.6462
1190.4773
1190.4779
1268.7792
1268.7795
1288.4930
1330.2111

G

7
5
3
1
6
2
5
7
1
3
6
2
7
5
1
3
6
2
7
5
3
1
6
2
5
7
1
3
6
7
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for the modeled domain to completely determine the response spec-
tra. This has been discussed in detail by Ohno.37 These are defined
here as groups 1-8, with the boundary conditions corresponding
to each case listed in Table 4, with the symmetry planes along
;c = 0, ;y = 0, and z = 0 and the corresponding appropriate bound-
ary conditions imposed along these surfaces.

Both open- and closed-circuit conditions are considered. The first
30 frequencies are shown in Table 5 along with the group, denoted
as G, corresponding to the boundary conditions used. A number of
these are repeated roots, which is consistent with the material sym-
metry used for the two cases. As is the case for similar comparisons,
the open-circuit conditions yield a slightly higher frequency than do
the corresponding closed-circuit conditions. The two-ply shell gives
larger frequencies, primarily because of the larger stiffnesses of the
passive material.

Conclusions
A shell element for laminated piezoelectric shells has been con-

structed using a discrete-layer theory that allows discontinuous
shear strains through the shell thickness and significant freedom
in representing the through-thickness elastic and electric fields. The
formulation is constructed in curvilinear coordinates and can be
specialized to plates, cylindrical shells, or shells with arbitrary con-
figuration. The accuracy of the element and formulation was estab-
lished using comparisons with exact solutions for simply supported
plates, with both static and free vibration characteristics being ex-
plored. The active and sensory response of a cylindrical ring also
was studied.

Excellent agreement with exact solutions was obtained for the
case of the plate with four discrete layers through the thickness
providing sufficient accuracy. In static response for the cylindri-
cal ring, the relationship between the induced displacements and
applied voltage pattern was demonstrated for the cylindrical ring.
In free vibration characteristics, the open-circuit frequencies were
always slightly higher than the closed-condition values. Using the
formulation presented here, more complicated loadings and geome-
tries can be investigated, as can modified displacement and potential
field approximations through the thickness.
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